Abstract. Let GS be the Galois group of the maximal pro-p-extension QS of Q unramified outside a finite set S of places of Q not containing the prime p > 2. In this work, we develop a method to produce some examples of mild (and thus FAB) pro-p-group GS for which some relations are of degree 3 (according to the Zassenhaus filtration). The key computation are done in some Heisenberg extensions of Q of degree p 3 . With the help of GP-Pari we produce some examples for p = 3.
Introduction
Let p > 2 be an odd prime number. Let S = {ℓ 1 , · · · , ℓ d } be a finite set of prime numbers ℓ i , with ℓ i ≡ 1(mod p). Consider Q S the maximal pro-pextension of Q unramified outside S and put G S = Gal(Q S /Q).
In the 60's, Koch (see [8] ) gave a description of the pro-p-group G S by generators and relations. Thanks to this description, in 2006 Labute in [9] gave the first examples of pro-p-groups G S with cohomological dimension 2. By class field theory these groups have the FAB property: every open subgroup U of G S has a finite abelianization. And then the strict cohomological dimension of these pro-p-groups G S is 3 (see for example [12] , chapter III). To produce such examples, Labute used a criteria for a pro-p-group to be mild (this one is related to a criterion of Anick [1] ): in some favorable situations the initial terms of the relations satisfy some very special combinatorial properties such that the graded algebra built on the lower p-central series of G S has a very nice description in terms of the corresponding free graded algebra. In the examples of Labute, the relations are of degree 2 according to the Zassenhaus filtration. Very recently, the arithmetic aspect of the work of Labute has been improved by a serie of papers of Schmidt [14] , [15] .
In [16] , [17] , when p = 2, Vogel has given a way to produce mild pro-2-groups G S where the relations are of degree 3. This method uses the Rédei symbol [13] . With this, Gärtner [7] has produced an arithmetic example of mild pro-2-group G where the relations are of degree 3 and such that, assuming the Leopoldt conjecture, this group is FAB. The pro-2-group produced by Gärtner corresponds to the maximal pro-2-extension of Q unramified outside S = {2, 17, 7489, 15809} in which the place 5 splits completely. As the ϕ : Λ → F nc p (d)
is an isomorphism of topological rings. Remark that ϕ(I(F)) = I . Now consider the map ι from F to F nc p (d) defined by ι(x) = ϕ(x − 1), and put F (n) = {x ∈ F, ι(x) ∈ I n }. The sequence (F (n) ) n is a neighborhood basis of 1: it is the Zassenhaus filtration of F. We recall some basic facts (see [16] , [4] ).
(ii) For p = 3, the elements (4) . For p > 3, one has to omit the p-powers x p i . Example 1.2. Suppose p > 2. When F is the free pro-p-group on two generators, then F/F (3) is a non-abelian group of order p 3 and of exponent p (because F p ⊂ F (3) ): this quotient is isomorphic to the Heisenberg group
1.2. Strongly free sequence. Definition 1.3. Let S = {P 1 , · · · , P r } be some series in I ⊂ F nc p (d) and let S be the two-side ideal generated by the elemens P 1 , · · · , P r . Then the family S is called strongly free if the quotient S /S I is a F nc p (d)/S -left-free module on the images of P 1 , · · · , P r .
For P ∈ F nc p (d), P = 0, denote by P i its term of degree i. If i 0 is the smallest integer such that P i 0 = 0, then P i 0 is called the initial form of P and is noted by ω(P ). The integer i 0 is the degree of P and is noted by i 0 := deg(P ). We put deg(0) = ∞. Definition 1.4. If x ∈ F, the degree of x is the degree of ι(x) and is noted by deg(x). For a subgroup H of F, the degree of H, noted by deg(H), is the minimum of the degree of x, for all x ∈ H.
, is said to be combinatorially free if:
) for every i, j, the beginning of M i is not the same as the ending of M j .
Now let us fix a total order < on the set {X 1 , · · · , X d } and then consider the lexicographic ordering on F nc p (d) deduced from <. If P is a sum of homogeneous monomials, we denote by L (P ) the leading term of P .
is called combinatorially free (after ordering) if the family of monomials
is combinatorially free. Theorem 1.7 (Forré, [5] ). If the family S = {P 1 , · · · , P r } ⊂ F nc p (d) is combinatorially free then S is strongly free.
1.3.
Mild pro-p-groups. Let
be a minimal presentation of a finitely presented pro-p-group G. The p-rank of G is finite and equal to the p-rank of the free pro-p-group F and these two groups are topogically generated by d generators
basis of the relations of G).
The notion of strongly free sequence will give us a sufficient condition for a pro-p-group to be of cohomological dimension 2. The key criterion is the following: Theorem 1.8 (Brumer, [3] ). The pro-p-group G is of cohomological dimension at most 2 if and only if the
Now, with the previous theorem, it is possible to give criteria in the algebra F nc p (d) for a pro-p-group G to be of cohomological dimension at most 2.
Theorem 1.9 (Forré, [5] ). The pro-p-group G is of cohomological dimension at most 2 if and only if R/RI is a free left F nc p (d)/R-module, where R = ι(R).
We can then define the notion of mild pro-p-group. Definition 1.10. If a pro-p-group G has a presentation with relations ρ 1 , · · · , ρ r , then G is called mild (following the Zassenhaus filtration) if the family ι(ρ 1 ), · · · , ι(ρ r ) is combinatorially free.
Thanks to the previous results, one obtains:
Remark 1.12 (The Poincaré series). See [5] , [9] . For n ≥ 1, denote by G (n) the quotient F (n) R/R and put a n = dim Fp G (n) /G (n+1) . Then the Poincaré series P (t) of G (associated to Zassenhauss filtration) is the formal series
When the relations ρ 1 , · · · , ρ r of G are combinatorially free then the Poincaré series of G satisfies:
One denotes by n = deg(I) the degree of I. For Z ∈ F nc p (d), we denote by ε I (Z) to be the X i 1 · · · X in -coefficient of Z. For y ∈ F, let us denote by abuse of notation, ε I (y) to be ε I (ι(y)). Proposition 1.14. Let x, y ∈ F. Write ϕ(x) = 1 + X and ϕ(y)
, where the sum is taken over all subsets J, K of I such that the concatenation JK of J and K equals to I;
Proof. Easy computation. Now, we are interested in the image in F nc p (d) of the relations of G. If ρ m ∈ F is a such relation, then let us write (by proposition 1.1)
C. Maire and if moreover ρ m ∈ F (3) :
with a j , e i,j,k (m) ∈ F p . Proposition 1.15. For i < j < k, we have:
Proof. By proposition 1.14, we have:
, and for i < k < j:
2. The principle of the computation 2.1. The arithmetic context. Let p ≥ 3 be a prime number and let S = {ℓ 1 , · · · , ℓ d } be a set of primes such that ℓ i ≡ 1(mod p).
, where Q S is the maximal pro-p-extension of Q unramified outside S.
, denote by x i a generator of the inertia group in G S of a place l i |ℓ i along Q S /Q such that its restriction to the maximal abelian subextension Q ab S /Q of Q S corresponds, via Class Field Theory, to the idèle where all components are 1 except the ℓ i -component which is a primitive root of 1 modulo ℓ i . Then the pro-p-group G S is topologically generated by the elements
we identify x i with one of its preimages in F. The free pro-p-group F is generated by the elements
We need also some particular lifts of Frobenius elements. For i = 1, · · · , d, let us fix a prime l i |ℓ i along Q S /Q. Consider y i a lift in G S of the Frobenius of the place l i such that the restriction of y i to Q ab S /Q corresponds, via Class Field Theory, to the idèle where all components are 1 except the ℓ icomponent which is ℓ i . As before, we identify y i with one of its preimage in F.
Remark 2.1. By the choice of y i , one has the following fact: if L/Q is a pelementary subextension of Q ab S /Q in which the inertia degree of ℓ i is trivial, then y i|L = 1. Remark 2.4. Let q be a prime such that
Then, we can choose x i such that its restriction to the maximal p-elementary subextension Q p,el S /Q of Q S /Q is equal to the restriction of the Frobenius f q of q. Indeed, the principal idèle q has only two nontrivial component via the Artin map in Gal(Q p,el S /Q): the ℓ i -component and the q-component.
A first principle. Let
We want to estimate ε I (z) for some z ∈ F. The strategy is the following: to look at the restriction of z to some quotients of G S , i.e. in some p-extensions of Q unramified outside S.
Let Γ be a quotient of G S . We can assume that Γ is generated by the images of the
By the universal property of F ′ , there exists a section γ from F ′ to F such that α(γ(α(x))) = α(x), ∀x ∈ F. One then has the following natural commutative diagramm
Here ker(α) is the the smallest normal subgroup of F generated by the elements
does not depend on the lift of β(α(z)) in F.
C. Maire
Proof. The section γ induces the injection
] nc is the same as the degree of ker(β). Now, the kernel of α is the smallest normal subgroup containing
Let us give two key examples useful for what will follow.
In this example, the computation of ε I (z) is reduced to look at the restriction of z to Q
Example 2.7. Let T = {ℓ 1 , ℓ 2 } and let F ′ be the free-p-group generated by x 1 and x 2 . Suppose that the relations of G T are of degree 3. Then,
, where H p 3 is he Heisenberg group. Then ker(β) is the smallest normal subgroup of F ′ generated by
In this example, the computation of ε 1,2 (z) is reduced to look at the restriction of z to a Heisenberg extension of Q.
For what will follow, we introduce the following notation:
where we identify y in with one of its preimage in F.
The quantity µ(I) was firstly introduced as arithmetic analogues of Milnor invariants of links by Morishita in [10] and [11] . See also [16] .
2.3. The Koch computation. One has the following description of G S : Theorem 2.9 (Koch [8] ). The group G S can be described by generators This description comes from the fact that the relations are all local: they are coming from the maximal pro-p-extension of the local fields Q ℓ i . Let us be a little more precise: Proposition 2.10. In the previous arithmetic situation:
where
/Q) and the natural map
is an isomorphism, where G l i = Gal(Q ℓ i /Q l i ) and where Q ℓ i is the maximal pro-p-extension of the complete field Q ℓ i .
because χ i and χ j are unramified at ℓ k .
Lemma 2.11.
Proof. It follows from a local computation.
Hence, one obtains:
is zero if and only if for all i, j, the prime number ℓ j splits in Q
Now, by using the principle of the section 2.2:
Proof. It is an application of example 2.6.
With the notations of the section 1.4, one has:
Proposition 2.14. Let i < j. One has: e i,j (i) = µ(j, i) and e i,j (j) = −µ(i, j). In the other case, e i,j (k) = 0.
Proof. Let I = (i, j). Then as x ℓm−1 m is at least of degree 2:
where Y m = ϕ(y m ). The conclusion is then obvious.
Finally, one obtains the two following lemmas: Corollary 2.15 (Fröhlich [6] ). For m = 1, · · · , r, one has:
Corollary 2.16. The following are equivalent: is at least 3 and by example 2.6, the coefficients of Y m in which appear at least one of the X i 1 , X i 2 and X i 3 are at least of degree 2. Then (by using proposition 1.14):
Remark here that as an application of the example 2.6, we have: 
2.5.
Computation in some Heisenberg extensions. Let i = j be indices such that µ(i, j) = µ(j, i) = 0. We want to compute the quantities µ(i, j, k) when k satisfies µ(i, k) = µ(j, k) = 0. To do this we use the principle of example 2.7.
Put T = {ℓ i , ℓ j } ⊂ S. By corollary 2.16, the conditions for the places of T imply that the relations of G T are in F ′ (3) , where
is a minimal presentation of G T . Here F ′ is the free-pro-p-group generated by x i and x j : as usual, as G S / / / / G T , we identify the elements x i and x j in G T with its preimages in G S , F ′ and F. By hypothesis, F ′ (3) ⊂ R ′ and then:
is the Heisenberg group of order p 3 .
(ℓ i ,ℓ j ) be the p-extension associated by Galois theory to the group (G T ) (3) and put
Proposition 2.19. One has µ(i, j, k) = −µ(j, i, k). Moreover
where l k is a prime of M i,j above ℓ k .
Proof. It is an application of example 2.7. Thanks to the conditions above ℓ i , ℓ j and ℓ k , and the remark 2.1, the restriction of the element y k to Gal(K i,j /Q) is in the subgroup < [x i , x j ] >:
2.6. The use of Class Field Theory. First, let us observe that:
Proof. The non trivial elements of the Galois group of K i,j /Q are of order p. Hence, if a prime above ℓ i is ramified in
is the inertia group in K i,j /Q of all primes above ℓ i which contradicts the fact that Q p,el ℓ i /Q is totally ramified at ℓ i .
Let C i,j := Cl M i,j /(Cl M i,j ) p be the elementary p-quotient of the class group of M i,j . By Class field theory, C i,j is isomorphic to the the Galois group G i,j of the maximal abelian unramified elementary p-extension
Mi,j r r r r r r r r r r ∆ i,j ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Q p,el ℓ i ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Q p,el ℓ j r r r r r r r r r r r r Q Then the extension H i,j /Q is Galois and ∆ i,j acts on G i,j (and on C i,j ) as follows
As consequence of Proposition 2.19, one has:
We finish this part with the question to find the subgroup D i,j .
Lemma 2.22. There exists an unique subgroup C of C i,j such that C ′ is normal in Gal(H i,j /Q) and such that C i,j /C ≃ Z/pZ. Hence, D i,j is the unique subgroup of C i,j of index p fixed by ∆ i,j .
Proof. If C ′ is an another subgroup, then the quotient Gal(H i,j /Q)/C ′ is a group of order p 3 . Let K ′ be the fixed field by C ′ . The extension K ′ /M i,j is unramified. First, it is obvious that the group Gal(K ′ /Q) can not be the group (Z/pZ) 3 . Now the groups Z/p 2 Z × Z/pZ and the nonabelian group of order p 3 different from H p 3 have the same particularity: all the subgroups of order p 2 are cyclic, excepts one. Hence, if Gal(
The Galois group Gal(K ′ /Q) is a quotient of F ′ , the relations of this quotient are in F (3) , and by comparing the indexes, one obtains that C ′ = C.
2.7.
How to compute the relations modulo F (4) . Recall that S = {ℓ 1 , · · · , ℓ d }. Following the remark 2.4, for j = 1, · · · , d, let us choose some auxiliary primes q j such that:
(ii) for all i = j, the prime q j splits in Q p,el ℓ i /Q.
above the auxiliary prime q j . Then, for j = 1, · · · , d, let us fix Q j |q j one of these primes and then let us choose x j ∈ G S such that its restriction to Gal(Q p,el S /Q) is equal to the inverse f
Consider two primes ℓ i and ℓ j such that µ(i, j) = µ(j, i) = 0. Let ℓ k be a third prime (eventually ℓ k = ℓ i ), such that µ(i, k) = µ(j, k) = 0. We want to compute µ(i, j, k) when it is nonzero.
We use the notations of sections 2.5 and 2.6 for the primes ℓ i and ℓ j . First, the extension K i,j /Q is a Heisenberg extension and we know that
j above ℓ j and p primes q
, to fix the subgroup generated by the Frobenius f q ( * ) j of a prime above q j is equivalent to fix the inertia group of a place
i . For what it follow, we assume that f q
Then the restriction of x j to Gal(K i,j /Q) is equal to the inverse of the Frobenius f q j of q j .
Consider the subfied
fixed by the Frobenius f q j of q j . Then:
Now the elements x j and f
), and then
Mild pro-p-group with trivial cup-product where f q i is the Frobenius of the auxiliary prime q i in Gal(Q p,el l i /Q).
if and only if
which makes still sense because
The question for the next is how to find N i,j ? The Frobenius f q j is associated to the inertia group of the prime l
Hence the extension
Mi,j r r r r r r r r r r ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Q p,el ℓ i ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ j . In conclusion: Proposition 2.23. The quantity µ(i, j, k) ∈ F p is such that
j . In particular when k = j, one has to take l k = l 
Examples

3.1.
Example. Take p = 3 and S = {ℓ 1 = 11863, ℓ 2 = 19, ℓ 3 = 9811}. First, we note that ℓ i ≡ 1(p 2 ) and that for all i = j, the prime ℓ i splits in Q p,el ℓ j /Q: µ(i, j) = 0. Now, thanks to Propositions 1.15 and 2.17, the relations of G S become: 
Notations. If ℓ i and ℓ j are two fixed primes, put
and let
If ℓ is a prime of Q, then L ℓ will be a prime of M i,j above ℓ. = Q(θ 2 ) is defined by a root θ 2 of the equation:
is generated by a root θ of the equation is defined by the equa-
is generated by a root β of the equation:
The class group of M 1,3 is isomorphic to Z/3Z and Gal(
Hence, by Proposition 2.21, µ(1, 3, 2) = 0, µ(1, 3, 1) = 0 and µ(1, 3, 3) = 0.
is generated by a root γ of the equation:
The class group of M 2,3 is isomorphic to (Z/3Z) 3 . The p-group ∆ 2,3 acts trivially on σ L 19 and on σ L 9811 and then on
The primes L 19 and L 9811 split in K 2,3 /M 2,3 , and then: µ(2, 3, 3) = µ(2, 3, 2) = 0. To finish, one has σ L 11863 / ∈ D 2,3 : µ(2, 3, 1) = 0.
3.1.4. The ordering. Consider now the ordering X 3 > X 2 > X 1 . Then by the above computation
To conclude, the family {ρ 1 , ρ 2 , ρ 3 } is combinatorially free, the pro-p-group G S is mild, and then by Theorem 1.11, the cohomological dimension of G S is 2.
3.1.5. The computation of the relations modulo F (4) . Remind of that p = 3 and S = {ℓ 1 = 11863, ℓ 2 = 19, ℓ 3 = 9811}. First, we compute some auxiliary primes following section 2.7:
• The quantity µ(2, 3, 1). The computation will be done in the Heisenberg extension Q 3,el ℓ 2 ,ℓ 3 /Q. Following the notations of section 2.7, we take i = 2 and j = 3. Let O 2 be the ring of integers of Q 3,el ℓ 2 = Q(θ 2 ). One has the decompositions: 
To conclude, in the quotient C(l ′ 9811 l ′′ 9811 )/E 2,3 , the ideals l ′′ 191 and l 11863 are in the same class and then (thanks to (3)):
and µ(2, 3, 1) = 1.
• The quantities µ(1, 2, 2) and µ (1, 2, 1) . The computation will be done in the Heisenberg extension Q 3,el ℓ 2 ,ℓ 1 /Q and following the notations of section 2.7, we take i = 2 and j = 1. One has in Q 
))
i.e. µ(1, 2, 2) = −1. By similar computation,
and then µ(1, 2, 1) = 1 ; (ii) f l 9811 = f l 19 and then µ(1, 2, 3) = −1.
• By similar computation in the number field Q 3,el ℓ 3 , one also obtains µ(1, 3, 3) = µ(1, 3, 1) = 1.
To conclude, the computations above show the following: Proposition 3.1. The pro-3-group G {19,9811,11863} can be defined by the generators x 1 , x 2 and x 3 , and by the relations F (4) ).
3.2.
A second example. Take p = 3, S = {ℓ 1 = 13, ℓ 2 = 7, ℓ 3 = 11971, ℓ 4 = 181} and consider the ordering: X 4 > X 3 > X 2 > X 1 .
The relations ρ 1 and ρ 2 are of degree 2. Indeed, as µ(4, 1) = 0, thanks to Proposition 1.15 and Proposition 2.14, one has ℓ(ω(ρ 1 )) = X 4 X 1 . Moreover µ(4, 2) = µ(3, 2) = 0 and µ(1, 2) = 0, and then ℓ(ω(ρ 2 )) = X 2 X 1 . Now for all i, µ(i, 3) = µ(i, 4) = 0: by Proposition 2.14, the relations ρ 3 and ρ 4 are in F (3) . Thanks to proposition 2.17 and example 2.6 the study of the relations ρ 3 and ρ 4 we will be done in some H p 3 -extension of Q. First, let us remark that as ℓ 4 ≡ 1(mod p 2 ). Hence ε 4,4,4 (ρ 4 ) = 0.
By a computation in the extension Q Moreover, ε 4,4,3 (ρ 4 ) = µ(4, 3, 4) = 0, and then ℓ(ω(ρ 4 )) = X 4 X 4 X 3 . One conclude that G S is mild by noting that the family {X 4 X 1 , X 2 X 1 , X 4 X 2 X 3 , X 4 X 4 X 3 } is combinatorially free.
